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ABSTRACT: The basic methodology for designing, altering, and
constructing biological systems is increasingly relying on well-established
engineering principles to move forward from trial and error approaches
to reliably predicting the system behavior from the properties of the
components and their interactions. The inherent complexity of even the
simplest biological systems, however, often precludes achieving such
predictive power. A prototypical example is the lac operon, one of the
best-characterized genetic systems, which still poses serious challenges
for understanding the results of combining its parts into novel setups.
The reason is the pervasive complex hierarchy of events involved in gene
regulation that extend from specific protein—DNA interactions to the
combinatorial assembly of nucleoprotein complexes. Here, we integrate
such complexity into a few-parameter model to accurately predict gene
expression from a few simple rules to connect the parts. The model
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Observed repression

accurately reproduces the observed transcriptional activity of the lac operon over a 10,000-fold range for 21 different operator
setups, different repressor concentrations, and tetrameric and dimeric forms of the repressor. Incorporation of the calibrated
model into more complex scenarios accurately captures the induction curves for key operator configurations and the temporal

evolution of the f-galactosidase activity of cell populations.
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nderstanding the functioning of biological systems

beyond their natural original context is becoming
increasingly important for many fundamental applications,
stretching from engineering novel molecular functions at the
cellular level'™® to affecting ecosystem interactions by
genetically modifying organisms.”~'®> At the most fundamental
level, the rules and general principles needed to obtain a
controlled cellular behavior from the interactions of the
components are still far from being completely clear. Questions
as basic as the effects of targeted mutations, the results of
swapping DNA regions, and the consequences of over-
expressing415<elzr proteins have not yet reliable answers in many
occasions. "’

The lac operon, the E. coli genetic system that regulates and
produces the enzymes needed to metabolize lactose,* provides
the proverbial example of such complex behavior resulting from
an apparently simple system. The basic model was proposed by
Jacob and Monod over 50 years ago in a now classic paper that
put forward the very basic principles of gene regulation.'® They
postulated the existence of molecules that bind to specific sites
in nucleic acids to control the expression of genes. In the case
of the lac operon, the original idea of the lac repressor
preventing transcription upon binding to the operator DNA in
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the promoter region has been refined over the years™ to

incorporate a complex hierarchy of events that extend from
specific protein—DNA interactions to the combinatorial
assembly of nucleoprotein complexes.

The complexity of the molecular interactions in the control
of the response to lactose is already evident in the mode of
functioning of the lac repressor,17 which upon binding to Oy,
the main operator, prevents the RNA polymerase from binding
to the promoter and transcribing three genes used in lactose
metabolism. There are also two auxiliary operators, O, and O;,
where the repressor can bind specifically without preventing
transcription (Figure 1). These two additional sites are orders
of magnitude weaker than the main site and by themselves do
not affect transcription substantially. In combination with the
main site, however, they can increase repression of transcription
by a factor of almost 100."*7>° This counterintuitive effect
results from the lac repressor binding simultaneously as a
bidentate tetramer to two operators and looping the
intervening DNA. Thus, the main operator and at least one
auxiliary operator provide a mechanism to form DNA loops
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Figure 1. Modular deconstruction of the lac operon. Components: the
basic modules are the lac repressor dimers and operators. Interactions:
repressor dimers interact with other dimers and with operator DNA to
form tetramers in solution, to bind single DNA sites as dimers or
tetramers, and to loop DNA as tetramers bound to two DNA sites.
These elementary interactions can be characterized to obtain the
system behavior. System: The main, O}, and the two auxiliary, O, and
O;, operators are shown as black rectangles on the black line
representing DNA. Binding of the lac repressor to O, prevents
transcription of the three lacZYA genes.

that substantially increase the ability of the repressor to bind
the main operator.

This type of behavior with oligomeric transcription factors
that can bind simultaneously single and multiple DNA sites is a
recurrent theme in gene regulation to the extent that
transcription regulation through DNA looping is nowadays
considered to be the rule rather than the exception.”' ~>* It is
present in many bacterial operons such as ara, gal, and deo
operons®> >’ and in bacteriophages such as phage 1.>*** DNA
looping plays an important role in mediating long-range
interactions because it allows protems bound to nonadjacent
DNA sites to come close to each other.*® This strategy is widely
used in eukaryotic enhancers,> as in the case of the 1nteract10ns
between enhancers and promoters mediated by androgen®” and
progesterone> receptors, to integrate multiple signals into the
control of the transcriptional machinery.*' It is also present in
the tumor suppressor p53,>* the nuclear factor kB (NF-kB),*®
the signal transducers and activators of transcription
(STATs),* the octamer-binding protems (Oct) 3738 and the
retinoid nuclear hormone receptor RXR.>>*’

We focus on the lac operon because it embodies the core
elements present across many levels of transcription regulation,
offers the possibility of considering the actual mode of binding
and regulation, and provides a platform with substantial
amounts of experimental data to contrast the hypothesis and
results of the model.

Current biophysical models of the lac operon have taken into
account the effects of the tetrameric lac repressor’s binding to
two operators simultaneously*>*>*' and to the three operators
together with the effects of the Catabolite Activator Protein
(CAP).** The specific protein—DNA interactions have been
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worked out up to atomistic level of detail, both experimentally
and computationally,'”**** and the kinetics of the lac repressor
has been probed at the single-molecule level in living cells.**~**
There are also phenomenological analyses of the lac operon
induction® ' that can reproduce diverse experimental
observations.

Despite all of these efforts, there is no quantitative gene
expression model yet that takes into account the coexistence of
the different oligomerization states of the lac repressor and the
effects of adjusting the equilibrium between the tetrameric
form, representative of the wild-type (WT) system, and the
dimeric form, which is the dominant species in several mutants
and repressors tagged with fluorescent proteins. Accounting for
the different oligomeric states of the repressor is needed to
accurately reproduce the available experimental results of taking
apart the different regulatory components of the lac operon
down to its basic elements and putting them back together with
their mutated versions into different arrangements. This task is
challenging in several fronts. First, it requires an efficient
approach to connect the parts as a system to avoid getting into
the combinatorial complexity problem, in which the number of
potential states of the system grows exponentially with the
number of components. Second, the increase in components
leads also to an increase in the number of parameters, but many
of these parameters are thermodynamically related to each
other. Finally, the values of the parameters might be different
under different experimental conditions.

Here, we elucidate biophysical principles that provide an
efficient avenue to integrate the prototypical complex
interactions of transcription regulation into a few-parameter
model for accurately predicting gene expression from a few
simple rules to connect the parts. The key idea is to use a
modular design in free energy space and a decomposition of the
free energy of the different states into additive contributions of
the interactions. In this way, the whole system can be
characterized by a few parameters directly connected to the
experimental data. We consider as elementary components lac
repressor dimers and operator sequences. The behavior of the
system is obtained starting off from the dimer assembly into
tetramers, binding of dimers and tetramers to the different
operators, and looping of DNA by the simultaneous binding of
a bidentate tetrameric repressor to two operators (Figure 1).

B RESULTS AND DISCUSSION

Description of the Components and Their Elementary
Interactions. The lac repressor is a tetramer consisting of two
dimers with one DNA binding domain each. We consider
explicitly the concentration of both tetrameric, [n,], and
dimeric, [n,], species. Their equilibrium values are related to
each other through

[, /[n] =Ky =e 1)

where RT is the gas constant times the absolute temperature,
K4 is the tetramer-dimer dissociation constant, and AGg; = RT
In K4 is its corresponding free energy. Because dimerization is
very strong, the concentration of free repressor monomers is
negligible and the conservation of mass can be written as the
total repressor monomer subunit concentration from dimers
and tetramers given by [nr] = 4[ny]+ 2[n,].
Binding of a dimer to an operator O; is described by

AGY/RT

[n,][0]/[n,0] = Ko, = eAGo/RT o
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where 1,0; represents the dimer—operator complex, and Ko, is
the corresponding dissociation constant with its associated free
energy AGy; = RT In Ko

The presence of a tetramer bound to an operator, forming
the complex 1,0, can be described in terms of its constituent
subunits as the binding of a dimer to a dimer bound to an
operator:

[”2][”201‘]/["401‘] =Ky/2 = e(AGG—RT In2)/RT

©)

Here, we have used the corresponding dissociation constant of
K,4/2 rather than just K4 as in eq 1. The difference by a factor 2
reflects that the probability for a bimolecular reaction to happen
is proportional to the number of pairs of possible interactions
between the molecules present and that the term [n,]* in eq 1,
a homodimerization reaction, is counting those interactions
twice with respect to the term [n,][n,0;] in eq 3, a
heterodimerization reaction.*”

The formation of a DNA loop by a tetramer bound to the
operators O; and Oy can be interpreted as the formation of a
tetramer on looped DNA from two dimers already bound to
two operators:

[1,0,0,]/ [0, O] = K,/ 2[ ]

— e(AG;j]k+AG§3—RT In2)/RT (4)
where [1,041,0;] and [On,0;] are the concentration of the
nonlooped and looped complexes, respectively. Here, [nij] is
the local concentration of one dimer with respect to another
when they are both bound to the operators.*® This quantity is
also known as j factor’® and is related to the free energy of
looping through AGyy = —RT ln[nij].41

Description of Multiple Interactions. All of these
elementary interactions can be combined to take into account
the three operators for specific binding of lac repressor dimers
and tetramers as well as the formation of different DNA loops.
We describe the state of the system mathematically using a set s
of state variables that take a value of 1 if an interaction is
present and of 0 if it is absent.’>

The advantage of using free energies is that the total free
energy of a state AG(s) can be obtained as the sum of the
contributions of the interactions among the components and
that the probability P, of any of these complex states is
determined by its free energy. According to statistical
thermodynamics®”*® both quantities are related through

—AG(s)/RT
e
p=t——0
Z ©)
where the partition function, Z = X e AGW/RT s used as

normalization factor. Note that this expression uses free energy
changes, AG(s), which in contrast to standard free energy
changes, AG°(s), include the dependence on the different
species concentration. Equation S is equivalently written in

terms of standard free energies as P, = [1,]90) e ACW/RT 7,
where d(s) is the number of dimers in the state s, including
dimers bound to DNA and dimers forming a tetramer bound to
DNA. The thermodynamic approach has long been successfully
applied to prokaryotic systems*>****** and more recently to
eukaryotic systems.”>®° The widespread success of the
thermodynamic approach indicates that very often it is
sufficient to consider just key control points that rely on

protein—DNA and protein—protein interactions and that other
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intricate biochemical processes, such as phosphorylation and
DNA modifications, are downstream events.

Using this approach with state variables, the free energy of
the protein—DNA system is expressed as

AG(s) = (m+g)s; + (m+g)s, + (m + g)s;
+ (m + g )sispy + (m + g )sys7 + (m + g )sss73

+ (ngz + gt)Sle + (ng3 + gt)SLIS
+ (gLZS + gt)SL23

+ 00 C(s)
(6)

with m = —RT In[n,] and g = AGY — RT In 2. The state
variables s, s,, and s, indicate whether (= 1) or not (= 0) a
repressor dimer is bound at the position of O;, O,, and O;,
respectively; sy, s, and s indicate whether (= 1) or not (= 0)
a dimer binds to a dimer bound at the position of O,, O,, and
O;, respectively, to form a tetramer; and s;5, sp;3 and ;3
indicate whether (= 1) or not (= 0) DNA forms the loops O;-
0, 0,-0;, and 0,-O;, respectively. The subscripts of the
different contributions to the free energy have the same
meaning as those of the corresponding state variables. For the
looping contributions, we always have g;; = AGpj; because the
distance and sequence between operators is never changed. For
the dimer-operator binding contributions, the standard free
energies of binding g, g, and g3 depend on the specific
operator sequence that is represent at the position of O;, O,,
and Oj, respectively. For instance, we have g, = AGQ, for the
WT case, but we have g = AGp, for a mutant with the
sequence of O, replaced by the sequence of O,.
The infinity in the last term of the free energy, with

C(s) = (1 =s)spy+ (1 =sy)s75 + (1 = s3)s73
+ sp12(1 = 515,) + 57,31 = 5353) + 5753(1 = 5,53)

+ 5L12(5T1 + STZ) + 5L13(5T1 + ST3)
+ 5L23(5T2 + 5T3)

+ Sp1oS113 T Spi2Sra3 o SLi3sios
(7)

is used for convenience purposes to assign an infinite free
energy value, and therefore zero probability, to the values of the
state variables s that are not physically possible.** Tt explicitly
implements that a dimer can form a tetramer on DNA only if
there is a dimer bound to DNA, that a DNA loop can be
formed only if there is a pair of dimers bound to the respective
operators and if none of these dimers is bound by another
dimer, and that two loops that share one operator cannot be
present simultaneously.

Transcriptional Control. Transcription in the lac operon
proceeds at three different rates depending on the occupancy of
the operators. It is completely abolished when the repressor is
bound to O,. If O, and O are free, transcription takes place at
an activated maximum rate, [',,. Activation results from CAP,
bound between O, and O;, enhancing the binding of the RNA
polymerase to the promoter. If O, is free but the repressor
occupies Oj, transcription takes place at a basal reduced rate,
T e This reduction by a factor y arises because binding of the
repressor to O; prevents CAP from contacting the RNA
polymerase and activating transcription.'>**
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The observed transcription rate can be expressed in terms of
state variables as
(8)

I's)="_,,.(1 - 51)()(53 + (1 - 53))

With this approach, the effective transcription rate, I, is
obtained by computing the thermodynamic average over all of
the representative states; namely, by performing the sum above
over all possible combinations of values of s:

r= 2 F(S)PS = i Z I'(s) e—AG(s)/RT
: 25 )

The repression level, €, is defined as the maximum
transcription over the effective transcription, which in
mathematical terms is given by Q = I, ,./T.

Induction. Induction of the lac operon takes place when
inducers, such as allolactose and isopropyl-f-p-thiogalactoside
(IPTG), bind the repressor and significantly decrease its
specific binding for the operators. The inducer binds to a
pocket in each monomeric subunit of the repressor, resulting in
a coexisting population of repressor dimers without inducer, 13,
with one inducer molecule, n}, and with two inducer molecules,
n3. Because the inducer’s binding to one monomeric subunit
does not affect its binding to the other one, the different dimer
concentrations are related to each other through [n3][I]/[n}] =
K;/2 and [ni][I]/[#3] = K, where [I] is the inducer
concentration and Kj is repressor-inducer dissociation constant.
Binding of these dimers to an operator O; is described as usual
by [01[0,/[10,] = Koy [1][0,)/[110,] = Koy and [12][0)/
[130,] = Koy Here Ky and Ko, are the dissociation constants
for dimers with one and two inducer molecules, respectively,
which are much larger than Ky, for typical inducers.

The occupancy of the operator can be expressed in terms of
the total concentration of dimers, [n,] = [n3] + [n3] + [n3], and
dimer-operator complexes, [n,0;] = [nng] + [n%Oj] + [n%Oj],
as

mllo]

[”zoj] -

(1 + 2[1)/K; + [IT/K7)
(1/Kg; + 2[1]/K Ky + [T /K ,KT)

Ko, ([1])
— (AG()/RT

(10)

where Koj([I]) is an inducer-dependent effective dissociation
constant, and AGR,([1]) = RTInKy([1]) is its corresponding
free energy. Thus, the effects of the inducer can be fully taken
into account just by changing one element of the modular
approach.

Model Parameters. The parameters of the overall model
include lac repressor-operator binding free energies (as many as
different operator sequences), three free energies of looping
(one for each possible loop), the extent of transcription
activation by CAP, and the lac repressor tetramer-dimer
dissociation constant. In principle, it is possible to consider
all of these parameters explicitly and fit the model to the
available experimental data. Here we will follow a more effective
approach that reduces the number of free parameters to 6 and
obtains their values from just 6 experimental data points
without fitting. The key idea is to consider specific cases in
which the values of these parameters can be obtained explicitly
as a function of the experimental repression level values by
inverting the model. The same approach is applied
subsequently to infer the repressor-inducer dissociation
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constant, which is the only additional parameter needed to
accurately predict the induction curves.

Standard Free Energies of Dimer-Operator Binding.
Experimental data is available for setups with the two auxiliary
operators deleted for strains with the dimeric form of the
repressor. Under these conditions, the standard free energy of
binding can be obtained straightforwardly by inverting the
expression of the repression level, which leads to

2Q - 1)

g = —RT In .

(11)

This expression results from the general model by considering
the limit of the two free energies of binding of the deletions and
the free energy of tetramerization going to infinity (g, = 0, g;
— o0, and AGY — ).

The experimental data included cases with the WT sequence
of O, as well as with the replacement of O, by the sequence of
O, and O;. Therefore, eq 11 can be used to obtain the free
energies of binding of the repressor dimer to the three wild
type operators.

We use the values for O; and O; to estimate the standard
free energies of mutated operators, AGB,, from their sequence
using their position weight matrix (PWM) scores, So;.
Explicitly,

AGj, — AG]
o1 CEX Soy

AGY = — Sy,) + AGS,

(12)

This expression assumes that scores and free energies are
linearly related and that the values obtained with both
approaches are the same for O, and O;. The PWM was
obtained from the sequences of the three WT operators O}, O,,
and Oj as described in ref 61. The scores correctly ranked the
three WT operators according to their measured strength and
consistently ranked all of the deletions below all of the WT
operators (Table 1).

01 03

Table 1. Operator Sequences and Their Binding Properties”
o K

g Sequence AGS}. o
0, AATTGTGAGCGGATAACAATT  —12.50 0.90
Ora  gATTGTtAGCGGAGAAGAATT -6.37 2.4x10*
O/, gRactacAtCctccgctAggT 1242 9.8x10"7
O;e AATTGTTAGCGGAGAAGAATT -6.95 9.3x10°
0, AAaTGTGAGCGagTAACAAcC -11.07 9.7
0,, gAatGTtAatGaATAgCAccc -2.23 2.4x10’
O, GAAGGTTAATGAATAGCACCC -0.66 3.3x10%
O3 ggcaGTGAGCGcAacgCAATT -9.01 299
Oy, AACCtcGAGCtcAacgCAATT -3.22 4.6x10°
Os;, TCGATCGAGCTCAACGCAATT -0.07 8.4x10°

“The standard free energy of binding AGg; (in kcal/mol) of the lac
repressor dimer to the operator O; was computed using eq 11 for Oy,
O, and O; and using eq 12 for the operator deletions. The
corresponding  dissociation constant Ko; (in nM) is shown for
convenience.

Activation by CAP. Similarly, when O, and O, are deleted,
we can obtain the extent of activation by CAP from just the
repression level and the free energy of binding: 1/y = [n]Q/
([n7] — 2(Q — 1) e#/RT), which results from the general model
by considering the limit of the two free energies of binding of
the deletions going to infinity. Assuming that in addition the
repressor concentration is high, it simplifies to
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X==

Q (13)

Therefore, the extent of activation by CAP, 1/y, is just the
repression level Q for the case in which g, = o0, g3 = 0, and
[nr] — oo.

Free Energy of Looping. The free energies of looping are
obtained from the repression level with just one operator
deleted and the parameters obtained previously by considering
the general expression with the appropriate limit for the case
with just the tetrameric form of the repressor (AGYy — —o0).

The case of the O,-O, loop is obtained in the limit of the free
energy of binding to O going to infinity (g; — ©0) as

2 e&/RT 4 [n])(2(Q - 1) e8/KT — [nr])
2[nr]

= —RT In

812

(14)

The case of the O,-Oj; loop is slightly more complex because

binding of the repressor to Oj affects the ability of CAP to

activate transcription. The limit of the free energy of binding to
O, going to infinity (g, — o) leads to

g, = —RT In ((4(Q — 1) &re)/&T

+ 2[ng] 8 *T(Qy — 1)
- 2[”T] eg3/RT - [”T]Z)/Z[V‘TD (15)

This value includes the contribution of the stabilization of the
0,-0; loop by CAP.*>%

The value for the O,-O; loop is obtained using the observed
scaling of the free energy for long loops, AG, = AG;_ + 1.24RT

In(L/L,), where AGy, is the free energy for a loop of length
Ly

+ 1.24RT In 493
401

8123 = 8112 (16)
which uses that the length of the O,-O; and O;-O, loops are
493 bp and 401 bp, respectively.****> The advantage of this
approach is that the scaling law provides the free energy of
looping for any loop length in its domain of applicability. In
general, however, the free energy of looping depends, among
other factors, on the length of the loop, the specific sequence
connecting the operators, the DNA supercoiling state, and the
presence of DNA architectural proteins. This dependence,
which is specially marked for short loops between ~50 bp and
~150 bp,"***%” should be parametrized explicitly for each
specific loop and experimental condition.

Free Energy of lac Repressor Tetramerization. Detailed
gene expression data is available mainly for strains with WT
repressors, which exist basically in the tetrameric form, and
mutant repressors that do not tetramerize."®*° As in the
experimental setups, we consider the two limiting cases of no
tetramerization (AGY — o0) and high tetramerization (AGY
— —00), which correspond to Ky — oo and Ky — 0,
respectively.

Repressor-Inducer Dissociation Constant. To infer the
repressor-inducer dissociation constant we consider exper-
imental data with the two auxiliary operators deleted for strains
with the tetrameric form of the repressor. Under these
conditions, proceeding as in the deduction of eq 11 but using
eq 10 for the inducer-dependent effective free energy of binding
and AGy — —oo leads to

580

2Q([1]) - 1)

AGG([I]) = —RT In ]
hr

(17)

where Q([I]) is the observed repression level at the inducer
concentration [I]. The value of K; can be obtained explicitly for
low inducer concentration taking into account that Ko and
Koy, are much larger than Ky, as

K, = [1/(J[ng] 29X Q1) = 1) = 1) (15)

Repression Data. To calibrate and test the model, we focus
on an extensive collection of classic gene expression experi-
ments on the lac operon in strains covering diverse
combinations of operator swapping and deletions,” including
all eight possible combinations of operator deletions.'® All of
the operator setups considered different repressor concen-
trations for both WT lac repressor, which under physiological
conditions exists primarily as a tetramer, and a mutant repressor
that does not tetramerize. In total, there are 92 experimental
data points spanning more than 4 orders of magnitude of the
repression level. So far, there has not been a model able to
capture all this classic gene expression data in full.

System Behavior for Dimeric Species. The case of
mutant repressors that do not tetramerize (AGg; — o) is the
natural starting point to test the accuracy of the modular design
in free energy space. Under such conditions, the behavior of the
system does not depend on the looping parameters because
dimers have only a single DNA-binding domain.

We took just four experimental data points to calibrate the
model without looping and then used the calibrated model to
predict the transcriptional activity for all of the other operator
configurations (Figure 2). One data point was used for each
free energy of binding to O}, O,, and O;, and another one for
the extent of CAP activation. The values of the remaining
parameters were obtained using PWM scores and thermody-
namic relationships. The results show that without any free
parameter this approach is able to accurately predict the
observed gene expression data for the remaining 38 data points
over a 10,000-fold range for an almost exhaustive range of
operator configurations.

System Behavior for Tetrameric Species. Regulation by
lac repressor tetramers (AGg; — —oo) brings about DNA
looping. This increase in complexity needs just two additional
experimental data points to calibrate the looping components
of the model (Figure 3). With these 2 additional data points,
the model is able to accurately predict the observed gene
expression behavior for regulation by lac repressor tetramers for
the remaining 48 experimental data points in 21 strains
involving different operator configurations.

The results show that the behavior of single operator setups
for both dimeric and tetrameric repressors is very similar. The
presence of multiple operators with the possibility of looping, in
contrast, leads to marked differences between the two
oligomeric forms of the repressor, with the tetrameric form
exhibiting much higher repression levels for low repressor
concentrations.

Effects of Parameter Inference. The calibration of the
model with just a few experimental data points makes the
model predictions dependent on the experimental variability of
the particular points used to infer the parameter values. In our
analysis, the most marked difference compared with previous
estimations of the parameters is the value of the inverse of the
extent of activation by CAP, y. The value we inferred using
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Figure 2. Accurate prediction of transcriptional activity for 21 strains
regulated by mutant dimeric lac repressor from just four calibration
points. The repression level, Q = I',../T’, was obtained for operator
configurations including WT, all of the combinations of deletions of
the three operators, and different combinations of operator deletions
and swapping. For each of the 21 cases, the results of the model
(continuous lines) as a function of the repressor subunit concentration
are compared with the experimental data of Oehler et al."**° (square
symbols). The broken symbols indicate the experimental data points
that could measure only a lower bound of the repression level. We
have used the equivalence that 1 molecule per E. coli cell, as reported
in the experimental data, corresponds to 1.5 nM. The operator setup is
indicated for each case following the genomic order O;-O,-O, with a
number indicating the sequence of the corresponding WT operator
and a letter indicating the corresponding deletion. For instance 3-1-2
corresponds to WT lac operon (O;-O;-0,), b-c-b corresponds to all
operators deleted (O3,-O,--O,7,), and 1-3-a corresponds to swapping
the sequences of O; and O; and deleting O, with the O,-, sequence
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Figure 2. continued

(05-0,-0;-,). Only four experimental points (indicated by large gray
circles) are used to obtain the values of the parameters AGg, = —12.50
kcal/mol, AG, = —11.07 kcal/mol, AG2; = —9.01 kcal/mol, and y =
0.091. The free energy of binding of the repressor to the mutated
operators was obtained from the PWM scores, as shown in Table 1.

experiments with dimeric repressors (Figure 2) is about a factor
of three larger than the one, y = 0.03, previously reported in ref
20. We inferred the value of this parameter also from the
experiments with tetrameric repressors and observed that in
this case its value is just slightly larger than previous estimates
(Figure 4). Comparison of the model results for both
parameter values indicates that both of them lead to accurate
predictions over the 4 orders of magnitude of the experimental
data, with the parameter closer to previously reported
estimates” producing generally even better results (Figure 4).

Effects of Operator Deletion Residual Binding. The
predictions of the free energies of binding for the deletions
using PWM scores show that some deletions, especially those
affecting the main operator O, are not complete deletions
because they involve the mutation of just a few DNA base pairs.
These mutations substantially increase the free energy of
binding but still leave their values relatively close to the free
energy of binding to O, the weakest WT operator (Table 1).
The results of the model show that such small residual binding
makes these mutations distinguishable from a complete
deletion at the phenotypic level (Figure S).

From Dimer to Tetramer Binding. To compare with the
experimental data, we have assumed that the lac repressor is
present either as a tetramer or a dimer, which provides excellent
results. It is generally assumed that WT lac repressor exists
mainly as a tetramer under physiological conditions. The in
vitro estimates of its AGgy in the literature range from —13.2
kecal/mol®® to —10.6 kcal/mol,%® which correspond to Ky =
0.28 nM and K4 = 21.2 nM, respectively. The approach we
have developed allows the computation of the repression level
for any value of K. The results indicate that the range of the
experimentally reported values of K4 provide very similar
repression curves for WT (~60 nM repressor monomeric
subunits) and higher repressor concentrations (Figure 6).

Experimental Variability and Model Accuracy. There
are several experimental setups that are equivalent in terms of
the dependence of the transcriptional activity on the total
number of repressor monomeric subunits. A prime example
involves the configuration with the two auxiliary operators
deleted. In this case, the repression curves would depend on the
strength of the main operator but are expected to be the same
for the tetrameric and dimeric forms of the repressor and for
different promoters. It is important to compare these situations
with each other to have a sense of the level of experimental
variability one would encounter in new experiments.

We have explicitly compared data for O,, O,, and O; as main
operators for tetrameric and dimeric repressors, 1nclud1ng
additional data for repression of the lacUVS promoter,” a
mutated version of the WT lac promoter that does not need
CAP to be active. In the case of dimeric repressors, we have
also included the data for the configurations with the auxiliary
operator O,, which does not affect transcription in the absence
of DNA looping (Figure 7). The results indicate that there is
substantial experimental variability, reaching up to a S-fold
difference between the data of ref 18 and ref 20 for the dimeric
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Figure 3. Accurate prediction of transcriptional activity for 21 strains
regulated by WT lac repressor from just 2 additional calibration points.
The repression level from the model (continuous lines) is shown for
the same operator configurations as in Figure 2 as a function of the
concentration of repressor units and is compared with the
experimental data of Oehler et al.'"®*® (square symbols). The broken
symbols indicate the experimental data points that could measure only
a lower bound of the repression level. Only two additional
experimental points (indicated by large gray circles) are used to
obtain the values of the parameters AGy}}, = 7.86 kcal/mol and AG7 ;4
= 6.85 kcal/mol. The free energy of looping between O, and O; was
obtained as AGp,; = 8.01 kcal/mol.

repressors at 300 nM and between the data of ref 20 and ref 70
for the tetrameric repressors at 5.4 M when O, is used as the
main operator. In all of these cases, the results of the modular
approach are consistent with the experimental variability and on
average the model predicts the experimental data with 1.7-fold
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Figure 4. Effects of parameter inference. The repression level from the
model is shown for representative operator configurations for the
parameter values of Figures 2 and 3 (continuous line) and for the same
parameter values except for y = 0.035 (discontinuous line).
Experimental data of Oehler et al.'®*° (square symbols) are shown
for comparison.
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Figure S. Deletions versus weak binding. The repression level from the
model is shown for representative operator configurations for the
parameter values of Figures 2 and 3 (continuous line) and for the same
parameter values except that the free energy of binding to the mutant
operators is infinite as in a complete deletion (discontinuous line).
Experimental data of Oehler et al."**° (square symbols) are shown for
comparison.

accuracy over a 10,000-fold variation of the repression level
(Figure 7).

Induction Curves and Activity Kinetics. To further
ascertain the applicability of the modular approach to more
complex scenarios, we consider the transcriptional activity as a
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Figure 6. Effect of repressor tetramerization on transcription. For each
panel, the continuous lines represent the model results for the
tetramer-dimer dissociation constant that takes the values K4 = 107,
1, 10, 10% 103 10% and 10° nM from top (green) to bottom (red).
The values of the other parameters are same as in Figures 2 and 3.
Experimental data of Oehler et al."®*° (square symbols) for tetramer
(green) and dimer (red) forms of the repressor are shown for
comparison.

function of the IPTG inducer concentration for key operator
configurations. Just a single experimental point is needed to
infer the repressor-inducer dissociation constant using eq 18,
which takes into account that Ko and Ko, are much larger
than Ko; and can be assumed to be infinite. With this additional
value, and without any change in the six previously inferred
parameter values, the model accurately captures the exper-
imentally observed induction curves*””"”? for a single operator
with SO tetrameric repressors per cell and for the wild type
operator configuration with 100 dimeric, 50 tetrameric, and 10
tetrameric repressors per cell (Figure 8).

The modular approach can also be extended to follow the
kinetics of induction in terms of the normalized $-galactosidase
activity, Cy. For instance, in strains lacking the lac permease, the

inducer concentration inside the cell is the same as in the media
and the kinetics of this process is concisely described by

dC,/dt = r(1/Q([I]) - Cp) (19)

where r is the growth rate of the cell population. In this way,
incorporation of the transcriptional module described by
Q([1]) into the cell-population growth dynamics given by eq
19 allows the modular approach to capture the induction
kinetics. The resulting kinetic model captures in detail the
experimental time courses of f-galactosidase activity”> without
any additional molecular parameter, just by using the measured
growth rate of the cell population, for a wide range of inducer
concentrations (Figure 8).

Conclusions. A common theme in synthetic biology is the
level of detail needed to capture the system behavior from the
properties of its components. Very often, the underlying
molecular processes do not have a description that fits into the
prototypical simple chemical kinetics schemes. In these cases,
networks of molecular interactions that extend beyond simple
binding events need to be considered explicitly.>> A key issue is,
therefore, to understand how the underlying molecular
complexity shapes the system and controls the cellular
behavior.

Our results have identified key biophysical principles to
efficiently integrate the prototypical complexity of the control
of gene expression into a few-parameter model to accurately
predict system behavior from a few simple rules to connect the
parts. A central feature is a decomposition of the free energy of
the different molecular states into additive contributions of the
interactions. In the case of the lac operon, the resulting modular
design in free energy space makes it possible to use just six
experimental points to calibrate the model without fitting,
which allowed us to capture for the first time the full range of
regulation of the lac operon by dimeric and tetrameric
repressors in a comprehensive set of operator mutations and
swapping.

The cases analyzed covered extensively the diverse
phenomenology of the lac operon, including ablations of
looping by mutations of both auxiliary operators, different
strengths of the main operator with and without one of the two
auxiliary operators, incomplete operator deletions with residual
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Figure 7. Experimental variability and model accuracy. The dependence of the repression level on the total repressor concentration from the model
(continuous lines) and experimental data (symbols) is shown for the configurations without both auxiliary operators for the case of tetrameric
repressors and without O; for the case of dimeric repressors in separate panels for each of the setups with O,, O,, and O; as main operators (three
leftmost panels). The experimental data correspond to strains with the WT lac promoter for tetrameric (squares) and dimeric (diamonds) repressors
from Oehler et al.'"®*° and with the lacUVS promoter for tetrameric repressor (circles) from Garcia and Phillips.70 The predicted vs the observed
repression level is plotted for all available configurations, repressor oligomeric forms, and promoters (rightmost panel). The dashed lines represent a
factor of 1.7 higher and 1/1.7 lower than the perfect prediction indicated by the continuous line.
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Figure 8. Induction curves and activity kinetics. The normalized transcriptional activity 1/Q([I]) as a function of the IPTG inducer concentration
[I] = [IPTG] from the model (continuous lines) and experimental data (symbols) is shown for a single operator (a-1-a) with SO tetrameric
repressors per cell and for the WT operator configuration (3-1-2) with 100 dimeric and SO tetrameric repressors per cell [experimental data from
Oehler et al.”'] and for the WT operator configuration (3-1-2) with 10 tetrameric repressors per cell [experimental data from Kuhlman et al.*’
(squares and diamonds) and Laurent et al.”* (circles)]. Just a single experimental point (indicated by a large gray circle) is used to infer the value of
the repressor-inducer dissociation constant K; = 7.16 M. The previously inferred values of the six remaining parameters are as in Figures 2 and 3.
The normalized f-galactosidase activity, Cy, as a function of time after inducer addition for the WT operator configuration (3-1-2) with 10 tetrameric
repressors per cell from the model (solid line) and from experimental data (symbols) by Marbach and Bettenbrock” is shown, from bottom to top,
for 20, 30, 45, 60, and 120 uM IPTG. The growth rate of the cell population is r = 0.52 h™".

binding, responses to changes in repressor concentration with among regulators, and long-range interactions through DNA

the main operator deleted, and interactions of the repressor looping.

with CAP. All of these cases were tested for different

concentrations of both dimeric and tetrameric forms of the B METHODS

repressor using always the same values of the parameters Model Implementation. The effective transcription rate,

inferred from just six experimental points and the thermody- as defined by eq 9, is computed analytically using the software

namic relationships between them. package CplexA ® with the expressions of the free energy and
The low number of experimental points needed for model the transcription rate given by eqs 6, 7, and 8. The result is

calibration results not only from modularity but also from the expressed in terms of the total repressor monomer subunit

use of thermodynamic principles that establish relationships concentration, [ny], using [n,] = ((K4 + 4K, AntDV2=K) /4,

between parameters of different processes, such as tetramer vs which is obtained from eq 1 and the conservation of mass.

dimer binding and tetramerization on operator DNA vs
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